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| Mpumep 3Kk3ameHayuoHHol pabomsl Examination style paper (1) ‘

1) Given that x =4(37"), express y in terms of x. [3]

2) Solve the inequality 2x > |x-1]. (4]

3) The parametric equations of a curve are : - 24 + sin 26, y =1-cos20 -

Show that % _ 1n 0. [5]
dx

4) (1) EXpress 7coso + 245in0 in the form z coss - «), Where R>0 and - < o < 90-, giving the exact value of R and the value
of « correct to 2 decimal places.

(1) Hence solve the equation

7cosf +24sin6 =15,

giving all solutions in the interval ¢- - » < 360° . (4]

5) In a certain industrial process, a substance is being in a container. The mass of the substance in the container t minutes
after the start of the process is x grams. At any time, the rate of formation of the substance is proportional to its mass. Also,
throughout the process, the substance is removed from the container at a constant rate of 25 gram per minute. When t=0,
x=1000 and d_x= 75

dt
(I) Show that x and t satisfy the differential equation ? = 0,1(x - 250)- [2]
t
(1) Solve this differential equation, obtaining an expression for x in terms of t. [6]
6) (1) By sketching a suitable pair of graphs, show that the equation
2cotx = 1+ ¢+ Where x is in radians, has only one root in the interval ¢ < < %,, . [2]
(1) Verify by calculation that this root lies between 0.5 and 1.0. [2]
(111) Show that this root also satisfies the equation , _ tan—l(%) [1]
+e*
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(IV) Use the iterative formula . - tan-'( )

With initial value x;=0.7, to determine this root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
7) The complex number 2+i is denoted by u. Its complex conjugate is denoted by u*.
(1) Show, on a sketch of an Argand diagram with origin O, the points A,B and C representing the complex numbers u, u*
and u+u* respectively. Describe in geometrical terms the relationship between the four points O, A, B and C. (4]
(I1) Express ™ in the form x+iy, where x and y are real. [3]
u

l+e™

(111) By considering the argument of “, or otherwise, prove that tanfl(i) - 2tan—1(l).
u 3 2

8)

y

A

V1 4 >x

M

1
The diagram shows a sketch o the curve y = x2 Inx and its minimum point M. The curve cuts the x-axis at the point (1.0).

(1) Find the exact value of the x-coordinate of M. (4]
(1) Use integration by parts to find the area of the shaded region enclosed by the curve, the x-axis and the line x=4. Give
your answer correct to 2 decimal places. [5]
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9) (1) Express 10 in partial fractions.
2-x)1+x?)

[5]

(1) Hence, given that |x<1, obtain the expansion of ___ 10 inascending powers of x, up to and including the term in

2-x)1+x%)
x>, simplifying the coefficients.

10) The points A and B have position vectors, relative to the origin O, given by
-1 3
O4d=|3 |and 0B=|-1].
5 -4
The line | passes through A and is parallel to OB. The point N is the foot of the perpendicular from B to I.
(1) State a vector equation from the line |.
(1) Find the position vector of N and show that BN=3.

(1) Find the equation of the plane containing A, B and N, giving your answer in the form ax+by+cz=d.

[5]

[1]
[6]
[5]




ba3oBbiit ypoBeHb C2 Core Mathematics C2

DyHKYUU

Algebra and functions

1. [leneHue mHoO204neHO8

1. Division of polynomials

Teopusa
Mpu geneHnn ogHOro MHorovneHa a(x) Ha gpyron b(x)

Aennumoe, AenuTeNb W YacTHOe CBA3aHbl COOTHOLWIEHMEM
a(x)=b(x)q(x)+r(x), npn ycnosun, uto b(x) He Asnaetcs

Theory
When a polynomial, a(x), is divided by non — constant

divisor, b(x), the quotient q(x) and the remainder r(x) are
defined by the identity a(x)=b(x)q(x)+r(x)

1) x* +x+2=(x+1)(Ax’ + Bx> + Cx+ D)+ R

2) '+ x+2=Ax* +(A+B) X’ +(B+C)x* +(C+D)x+D+R
3) 1=A

4) 0=A+B, B= -1

5) 0=B+C, C=1

6) 1=C+D, D=0

7) 2=D+R, R=2

8) YacTHoe paBHO x’ — x* + x , OCTaTOK paBeH 2

KOHCTaQHTOM

Mpumep Example

HaliauTe 4acTHOE M OCTaTOK NpW AeneHun X' +x+2 Ha Find the quotient and remainder when x*+x+2 is divided
x+1 by x+1

PeweHue Solution

1) x* +x+2=(x+1)(Ax’ + Bx> +Cx+ D)+ R

2) '+ x+2=Ax* +(A+B)x* +(B+C)x* +(C+D)x+D+R
3) 1=A

4) 0=A+B, B= -1

5) 0=B+C, C=1

6) 1=C+D, D=0

7) 2=D+R, R=2

8) The quotientis x° — x* + x and remainder is 2




Core Mathematics C2 .

Work paper

Assignment 1

Assignment 2

Find the quotient and remainder when ,+.3,2-, is

divided by > - 2,42

Find the quotient and

polynomial is divided by the second.

xt - 2x¥ - T7x2+5,x*+2x-1

remainder when the first

Solution

Solution
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2. Teopema o yenbiX KOPHAX

2. The factor theorem

Teopusa
[aH mHorouneH p(x)

a) Ecnnm (x-t) penntens p(x), To p(t) =0

b) Ecam p(t) = 0, To (x-t) aenntens p(x)

Ecaun uenoe uncno t — KopeHb MHOToYNeHa p Hag Z, TO
ana moboro uenoro x: uucno f (x) KpatHo (x-t). 370
yTBEPXKAEHMNE HA3bIBAETCA TEOPEMOM O Le/IbIX KOPHAX

Theory

Let p(x) be a polynomial. Then

a) if (x-t) is a factor of p(x), then p(t) =0

b) if p(t) = 0, then (x-t) is a factor of p(x)

The second of this results is called the factor theorem

lIpumep

Hangute paenntenm m KOPHU MHOTOYNEHA x* - x> —s5x-3.
PewunTte ypaBHeHME - ;> _5,_-3-0

Example

Find the factors of .:_.:_s5._3, and hence solve the
equation s - > _s5:-3-0

p(x)=x"-x*-5x-3=0p(1)=1"-1"-5x1-3=-8=0

3) Nyctb x==1, p(-1)=(-1)’ = (=1)* =5x(-1)-3=0
cnepoBaTenbHo, (x+1) ABnserca aenutenem

4) X’ —x*=5x-3=(x+D)(x*-2x-3) = (x+1)*(x-3), x=-1, x=3

PeweHue Solution
1) p(x)=x’-x*-5x-3 1) p(x)=x* —=x*=5x-3
2) Nyctb x=1, 2)Try x=1,

p(x)=x"-x"-5x-3=0p(1)=1"-1"-5x1-3=-8=0

3)Try x=-1, p(-1)=(-1)’ = (-1)> =5x(-1)-3=0, so (x+1) is a
factor

4)x* - x* -5x-3=(x+1)(x* =2x=3) = (x+1)*(x-3), x=-1, x=3
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Work paper
Assignment 1 Assignment 2
Show that .-y is a factor of ¢.: +11x2-5.-12and find Find the value of a for which (._,, is a factor of
the other two linear factors of the expression 3x 4 ax’ 4 x -2
Solution Solution
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3. O606wéHHaa meopema 0 KOpHe MHO204/1eHa

3. The factor theorem (extended form)

Teopusa
[aH mHorouneH p(x).

a) Ecau (sx-t) penutens p(x), To p(L)=0
S

b) Ecam p(2)=0, (sx-t) genntens p(x)

Ha3blBaeTcs 0606WEHHOM TEOPEMOI O LLeNbIX KOPHAX

Echm uncno L' — KopeHb MHOrouysneHa p Hag Z, To gns

noboro uenoro x: yncno f (x) kpatHo (sx-t). ITo yTBEpPKAEHME

Theory
Let p(x) be a polynomial. Then

a) if (sx-t) is a factor of p(x), then p(%)=0
b) if p(£)=0, then (sx-t) is a factor of p(x)

The second of this results is called the extended form of

the factor theorem

lIpumep

p(x)=3x" +4x> +5x-6

Hangute aenuTtenmn n KOpHU MHOrouYneHa

Example
Find the factors of p(x) =3x’ + 4x* +5x -6

PeweHue
1) s==1;%£3"

2) t==+1;2£2;+3;+6 -

ABNAETCA Aenuntenem
4) p(x)=3x"+4x> +5x-6=(Bx-2)(x> +2x+3)

3) |_|0,£I,CTaBJ'IFIFI 3TN 3HAYEHUA B MHOTO4YNEH, NONYHYUM!
P(G)=3x(5) +4x(5) +5x(5) = 0, CNEAOBATENLHO, (3%-2)

Solution

1) 5= x1ie3

2) t==x1;22;+£3;+6

3) Working through all these in turn, find that

p(%) =3x (%)3 +4x (%)2 +5x (%) - 0,50 (3x-2) is a factor

4) p(x)=3x" +4x> +5x-6=(3x-2)(x> +2x +3)
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Work paper

Assignment 1

Assignment 2

Factorize cubic polynomials p(x).

1) 300 -2 —12x+ 4

2) 6x*+7x*=-x-2

Solve the equation

4x* +12x* +5x-6=20

Solution

Solution
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4. Teopema o desneHUU ¢ OCMAMKOM

4. The remainder theorem

Teopusa

Mpu peneHuM MHorouneHa p(x) Ha sx-t ocrtatok

Theory
When p(x) is divided by sx-t, the remainder is the

1) p(x)=x’-3x+4
2) BennumnHa octatka: p- 3y o 3y J3x ey a5t
2 2 2

ABNAETCA  MOCTOAHHOM  BE/NMYMHOW M HaxoauTca w3 | constant , (L
ycnosws (L *
S
Mpumep Example
HaliauTe OCTaToK OT AefeHns X -3x+4 Ha 2X+3. Find the remainder when x*-3x+4 is divided by 2x+3
PeweHue Solution

1) p(x)=x’-3x+4

2) p(-3)= (-3 -3x(- )+ 4=52
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Work paper

Assignment 1

Assignment 2

Find the quotient and remainder when the first
polynomial is divided by the second.

Find the quotient and

polynomial is divided by the second.

remainder when the first

xP+3x2-2x+1 2x+5x2-3x+6
2x—1 3x+1
Solution Solution
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Freomempus Ha KoopOuHamHol naocKkocmu

Coordinate geometry in the (x, y) plane

5. Hopmane K kpueolii 8 3a0aHHOU moyke

5.The normal to a curve at a point

Teopusa
Mpamas, npoxoaALan yepes TOYKY KacaHuA

KacaTeNbHOM K KPUBOM U NepneHAMKYNSPHAs K 3TON NpsmMon,
Ha3bIBaeTCSA HOPMA/bO K KPMBOM B 3a4aHHOM TOYUKE.
Echn TaHreHc yrna HaknoHa KacatesnbHOWM K ocu Ox

paBeH m, TO TAHreHC yranaa HakJ10Ha HOPMaJin K OCu Ox paBeH
1
m

y A y = f(x)
normal
atA tangent
atA
<] =
\ X

Theory
The line passing through the point of contact of the

tangent with the curve which is perpendicular to the tangent
is called the normal to a curve at a point.
If the gradient of the tangent is m, then the gradient of

the normalis _ 1
m

y A y = f(x)
normal
atA tangent
atA
et >
\ X
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lpumep
Hantn ypaBHEHMe HOPManu K KpMBOM y=x" B TOYKE C

aOcruccoit x = -3

Example
Find the equation of the normal to the curve y=x* at

the point for which x = -3

PeweHue

1) dopmyna TaHreHca yrna HakaAOHa KacaTeNbHON K
KPUBOM y=x> €CTb 2X. [INA Hallero ciy4as OH cocTaBnaeT —6

2) TaHreHca yrna HaknoHa Hopmaam _ L _ 1

-6 6
3) YpaBHeHMe nNpsAMON, NPOXOAALWEN 4Yepe3 TOUKY
(X, Y1) ¥“ wuMmeloweln TaHreHC Vyrna HakNoHa, WMeeT

BUA:y -y, =m(x—x,)
4) YpaBHeHWE HOPManu B TOUKE (-3 9) ty-9-= l(x_ (-3)) -
6

MNocne ynpoweHna umeem: 6y=x+57

Solution
1) The gradient formula for the curve y=x* is 2x. So, the
gradient is -6

2) The normal has a gradientof __ 1 _1
6 6

3) The equation of the line through (x4, y1) with gradient
mis y—-y =m(x-x,)

4) Therefore the equation of the normal at (_; o, is
y-9= %(x _ (-3)), Which simplifies to 6y=x+57
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Work paper
Assignment 1 Assignment 2
Find the gradient of the tangent to the graph of y=»x°, The y- coordinate of a point P on the graph y=x*+5is 9.
at each of the points with the given x-coordinate. Find the two possible values of the gradient of the tangent to
a)1;,b)4;¢)0 y=x'+5atP
Solution Solution
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BuHom HoromoHa

The binomial expansion

6. TpeyzonbHbie Yucna

6. The triangle number sequence

Teopusa
Ynucno KPYKOYKOB B  «TPEYronbHbIX»

Ha3bIBaAlOT TPEYyroJibHbIMMN YNCNaMWN.

obpasuax

K TpeyronbHbiMm yncnam otHocatca 1, 3, 4, 10, 15, 21.
PasHoCTb mexay AByMA NOCNeAoBaTe/IbHbIMU  YMUCAAMU
yBennymsaetca Ha 1.

dopmyna gna HaxoXKAEHUA CyMMbl HaTypPasIbHbIX YNCen

orlaor: %r(wl)

Theory
The numbers of dots in the triangular patterns are

called triangle numbers.

The triangle number are 1, 3, 4, 10, 15, 21. The
difference between neighboring triangle numbers increases
by 1 each time.

The sum of the natural numbers from 1 toris %r(wl)

lpumep
[ecAatbin obpasey, TpeyronbHbIX uucen wumeetr 55

Kpy*KouKkoB. CKonbKo byaeT Kpy»koukos B 11 obpasue?

Example
The 10" pattern of triangle numbers has 55 dots. How

many dots will the 11" pattern have?
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PeweHue

Solution
1) Cymma HaTypanbHbIX Yncen ot 1 go r ectbl, 41y, 1) The sum of the natural numbers from 1 to r is
2

roe r=11. %’(”1)’ r=11

2) O,EI,MHHa,CI,LI,aTbIﬁ o6pa3eu, mnweet 111(11+1)=66
2

2) The 11" pattern has 1 1(11+1) = 66 dots
2
KPYYKOUKOB




Core Mathematics C2 .

Work paper

Assignment 1

Assignment 2

Find the sum of the natural humbers from 1 to 100
inclusive

Find and simplify an expression for the sum of the
natural numbers from (n+1) to 2n inclusive

Solution

Solution
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7. MNocnedosamenbvHocms lMackansa

7. Pascal sequence

MocneposaTtenbHOCTb [lackana ana n=5 umeet BuAa: 5;
10; 10;5; 1;0

Teopus Theory

MNocneposatenbHocTb [lackana B obwem Buae: The general definition of a Pascal sequence, whose
(n j: ”_r(nj, roer=0,1,2,3 .. terms are denoted by [nj, is [n j: ”_r(nj, wherer=0, 1,

r+1 r+llr r r+1 r+l\r
2,3..

Mpumep Example

CocTaBuTb nocnepoBaTenbHoCTb Mackana ans n=5 Find the Pascal sequence for n=5

PeweHue Solution

p=l =1

l—z:(l)xl=5;p2—5 x5=10;p3=_T?><10=10- pl—f):(])xl=5;p2— x5=10;p3=_T?x10=10;
p4=§::1;x10=5;p5=i;‘:x5=l;p6=55;ixl= p4=§;?x10=5;p5=5 x5=1;p6=55:jx1=

The Pascal sequence for n=5is: 5; 10; 10; 5; 1; 0
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Work paper

Assignment 1

Assignment 2

Find the Pascal sequence for n=6

Use the formula (

terms of factorials:

o[4)[7)

n

7

)

n!

=———  to write the following in

rix(n-1)!

Solution

Solution
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8. TpeyzonbHuUK lMackansa

8. Pascal’s triangle

KoadpPuuneHToB nocnesosaTeibHOCTU [ackans, HasbiBaeTCA
TpeyronbHMKom lNackans. B aTom TpeyronbHMKe Ha BeplunHe
M No 6oKam CTOAT eguHuMLUbl. Karkaoe 4nmcio paBHO cymme
ABYX PACMo/IOXKEHHbIX HAaZ HUM Yncen.

Teopus Theory
MpuBeaéHHan cXema, COCTaB/IEHHasA u3 The complete pattern of Pascal sequence, without the

trailing zeros, is called Pascal’s triangle. Every number in this
pattern except for the first is the sum of the two numbers
most closely above it.

1) NocneposatenbHocTb Mackansa gns n=4:5; 10; 10; 5; 1; 0.
2) TpeyronbHuK Mackans:

1 1 1 1
1 2 1 1 2 1
1 3 3 1 1 3 3 1
1 4 6 4 1 1 4 6 4 1
Mpumep Example
PaccumTaTtb 4-i psag TpeyronbHUKa Mackans Continue Pascal’s triangle for row number 4
PeweHue Solution

1) The Pascal sequence for n=4is: 5; 10; 10; 5; 1; 0
2) Pascal’s triangle is

1 1
1 2 1 1 2 1
1 3 3 1 1 3 3 1
1 4 6 4 1 1 4 6 4 1
1 5 10 10 5 1 1 5 10 10 5 1
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Work paper

Assignment 1

Assignment 2

Continue Pascal’s triangle for row number 6

Continue Pascal’s triangle for row number 7

Solution

Solution
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9. CouemaHus. OnpedeneHue hakmopuana

9. Combinations and factorial notations

Teopusa

1) nl=nx(n-1)x(n-2)x(n-3)x..x3x2x1

2) Mo onpeaenexuto, o' -1
3) KonuuyectBo cnoco6o8 BbiGOpa r 3/7E€MEHTOB U3

n
rpynnbl n 3anmncbiBaeTCA "c nan [J M BblUUCNAETCA MO
r

Theory

1) n!l=nx(n-1)x(n-2)x(n-3)x..x3x2x1
2) By definition, o:-1
3) The number of ways of choosing r items from a group

of n items is written "c, or (n] and is calculated by __ !

r (n=r)lr!
dopmyne__ "'
(n=r)!r!
Mpumep Example
HanauTe 3HaYeHnA cnenyowmx BblpaXKeHUM: Find the value of the following:
3C E 3C &
a) “2 b) 9! a) 2b) 9!
PeweHue Solution
| |
‘C, - 30 _ 6 ., i, - 30 _ 6 .
a) (3-2)12! 1x2 a) (3-2)12! 1x2
&_1x2...x9x10_10 &_1x2...x9x10_10
b) 9! 1x2...x9 b) 9! Ix2...x9
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Work paper
Assignment 1 Assignment 2
Calculate: Calculate:
10
e al
Solution Solution
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10. NMocnedosamenbHocmb hakmopuanos

10. The factorial sequence

Teopusa
1) daktopman uucna n (obosHauvaetrca n!) — 3710

npousBegeHNe BCEX HaTypa/bHbIX u4ucen oTr 1 4o n
BK/IHOUMUTE/NbHO.
3anomHuTe 0!=1; 1!=1 rl=1x2x3x4...r

2) ®dopmyna pana  pacyéta  nocnenoBaTebHOCTU
daKkTopmanos Jra=lx(+D) rner=0,1,2,3..
fo=1

fi=fixl=1xl=1

fh=fix2=1x2=2

fi=f,x2=2x3=6

MocnepoBaTtenbHOCTb GaKTOPUANOB HEOTpULATENIbHbIX
LenblX Yncen HaYnmHaeTca TakK:

1,1, 2,6, 24, 120, 720, 5040, 40320, 362880, 3628800,
39916800, 479001600, 6227020800.

3) ®opmynbl CTUpPAMHIa Ans pacyéta NPUBANNKEHHOrO
3Ha4yeHMA NpounsBeaeHUA N NepBbIX HATYPabHbIX YMucen

oo 2

Theory
1) The factorial of a non-negative integer n, denoted by

n!, is the product of all positive integers less than or equal to
n.

Remember: 0!=1; 1!=1 r!=1x2x3x4...r

2) To get the factorial sequence use the formula

fou =frx(r+1)’ wherer=0, 1, 2, 3...
Jfo=1

fi=fixl=1x1=1
fi=fx2=1x2=2

fi=f,x2=2x3=6

The first terms of the factorial sequence are:

1,1, 2,6, 24,120, 720, 5040, 40320, 362880, 3628800,
39916800, 479001600, 6227020800,

3) Stirling’s approximation (or Stirling’s formula) is an
approximation for large factorials.

n!=~2an (ﬁj
e




Core Mathematics C2 .

Mpumep Example
a) YnpocTuTte BbipaxeHue %’: a) Simplify the following %:
b) Bbiuncnaute 5!, ucnonbsys dopmyny CtupamHra b) Calculate 5!, using Stirling’s formula
PeweHue Solution
a 1;4!=1><2x3...14=14 a £=1x2x3...14=14
13! 1x2x3...13 13! 1x2x3..13
b) 5!z«/2-3,14'5(%)5 ~199,999 b) 51~ \/2~3.14'5(2L71)5 ~199.999
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Work paper

Assignment 1

Assignment 2

a) n(n-1)n-2) B) (ns6)n+ 500+

Write the following in terms of factorials:

Calculate 6!, using Stirling’s formula

Solution

Solution
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11. PasznoxceHue (x+y)", n >0

11. Expansion of (x+y)", n >0

Teopusa
[Ona HaTypanbHOro n buHom HotoTOHa UMeeT BuA:

N R PR O N\l a2 2 ny o
(x+y)—0x+1xy+2x y+...+ny

Theory
The binomial theorem states that, if number is a natural

n n n n n-1 n n-2_72 n n
number (x+ )" = x" + X" y+ Xy 4+ y
0 1 2 n

lpumep
Hangute nepsble Tpy YneHa B pasnoxKeHum (1+x)>

Example
Find the first three terms in the expansion in ascending

power of x of the following: (1+x)*

PeweHue
22
1) =1
0
22 |
2) X = Lx =22x
1 1122 -1)!
22 !
3) x° =Lx2 =231x’
2 21(22-2)!

Solution
22
1) =1
0
22 |
2) x=Lx=22x
1 1122 -1)!
22 !
3) x? =Lx2 =231x?
2 21(22-2)!
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Work paper
Assignment 1 Assignment 2
Find the first three terms in the expansion, in ascending Find the first three terms in the expansion, in ascending
power of x, of (1+2x)%. By substituting x = 0.01, find an | power of x, of (2+5x)". By substituting a suitable value for x,
approximation to 1.02° find an approximation to 2.005" to 2 decimal places
Solution Solution
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12. PasnosceHue (a + bx)", n >0

12. Expansion of (a + bx)", n >0

Teopusa
1)

@+bx)y =| "o+ " e x| " e+ | T || T b
0 ] 2 3 "

2) [”}”—’
k) k\(n-k)!

Theory
1)

a+bx)y =| " @+ " @b+ | a2+ T e | T brae
0 I 2 3 "
n

2) _ }’l‘
k) k\n-k)!

Mpumep Example
HaiiauTe nepsble YeTbipe YneHa pasnoxenus (2-3x)™ Find the first four terms in the expansion of (2-3x)™
PeweHue Solution

10 10 10 9 10 8 2
(2-3x)" =2 +(1 )x2 ><(—3x)+(2 ij x (=3x)

10 ; 3
+ x2'x(-3x)...=
3
0x9

=1024—10x512x3x+ll > x256%x9x% -

x
10x9x%x8

1x2x3
=1024-15360x +103680x> -414720x> + ...

x128x27x +...=

10 10 10 9 10 8 2
(2-3x)" =2 +(1 jx2 ><(—3x)+[2 Jx2 x (=3x)

10 7 3
+ x2'x(=3x)...=
3
0x9

=1024—10><512x3x+11 > x256%9x% -

X
10x9x%x8

1x2x3

x128x27x> +...=

=1024-15360x +103680x> - 414720x> + ...
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Work paper

Assignment 1

Assignment 2

Find the first three terms in the expansion in ascending

Find the first three terms in the expansion in ascending

power of x of (1-x)*° power of x of (1-4x)*®

Solution

Solution




